Abstract. Let W be a complete Noetherian local commutative ring with residue field k of positive characteristic p. We study the inverse problem for the universal deformation rings R W (Γ, V ) relative to W of finite dimensional representations V of a profinite group Γ over k. We show that for all p and n ≥ 1, the ring W [[t]]/(p n t, t 2 ) arises as a universal deformation ring. This ring is not a complete intersection if p n W = {0}, so we obtain an answer to a question of M. Flach in all characteristics. We also study the 'inverse inverse problem' for the ring W [[t]]/(p n t, t 2 ); this is to determine all pairs (Γ, V ) such that R W (Γ, V ) is isomorphic to this ring.
Introduction
Let W be a complete Noetherian local commutative ring with residue field k of positive characteristic p. Suppose Γ is a profinite group and that V is a continuous finite dimensional representation of Γ over k. Here the topology on V is discrete, so the image of the continuous homomorphism Γ → Aut k (V ) is finite. In §2 we recall the definition of a deformation of V over a complete Noetherian local commutative W -algebra with residue field k. Under a mild hypothesis on the representation (End kΓ (V ) = k) and on the profinite group Γ (Hypothesis 2.1 below), there is a unique universal deformation over the so-called universal deformation ring R W (Γ, V ). We will recall its basic properties in the next section.
In this paper we consider the following inverse problem: Question 1.1. Which complete noetherian local W -algebras R with residue field k are isomorphic to R W (Γ, V ) for some Γ and V as above?
It is important to emphasize that in this question W is fixed, but Γ and V are not fixed. Thus for a given W -algebra R, one would like to construct both a profinite group Γ and a continuous finite dimensional representation V of Γ over k for which R W (Γ, V ) is isomorphic to R.
One can also consider the following "inverse inverse" problem: There is an extensive literature concerning explicit computations of universal deformation rings (often with additional deformation conditions). In [6] , Böckle gives a survey of recent results on presentations of deformation rings and of applications of such presentations to arithmetic geometry. This includes many example of rings which are known to be deformation rings. There is also a discussion in [6] of how one can show that deformation rings are complete intersections as well as the relevance of presentations to arithmetic, e.g. to Serre's conjectures in the theory of modular forms and Galois representations.
The problem of constructing representations having universal deformation rings which are not complete intersections was first posed by M. Flach [8] . The first example of a representation of this kind was found by Bleher and Chinburg when char(k) = 2; see [3, 4] . A more elementary argument proving the same result was given in [7] . Theorem 1.3 gives an answer to Flach's question for all possible residue fields of positive characteristic.
As of this writing we do not know of a complete local commutative Noetherian ring R with perfect residue field k of positive characteristic which cannot be realized as a universal deformation ring of the form R W(k) (Γ, V ) for some profinite Γ and some representation V of Γ over k. Theorem 1.3 and the formulation of the inverse problem in Question 1.1 first appeared in [5] . In subsequent work on the inverse problem, Rainone found in [16] some other rings which are universal deformation rings and not complete intersections; see Remark 4.3.
The sections of this paper are as follows. In §2 we recall the definitions of deformations and of versal and universal deformation rings and describe how versal deformation rings change when extending the residue field k (see Theorem 2.2).
In §3 we consider arbitrary perfect fields k of characteristic p and we take W = W(k). In Theorem 3.1, which implies Theorem 1.4, we give a sufficient and necessary set of conditions on a representationṼ of a finite group Γ over k for the universal deformation ring R W(k) (Γ,Ṽ ) to be isomorphic to
The proof that these conditions are sufficient involves first showing that
is a quotient of W(k) [[t] ] by proving that the dimension of the tangent space of the deformation functor associated toṼ is one. We then construct an explicit lift ofṼ over R and show that this cannot be lifted further to any small extension ring of R which is a quotient of W(k) [[t] ]. In §4 we prove Theorem 1.3. We use Theorem 2.2 to reduce the proof of Theorem 1.3 to the case in which k = F p = Z/p and W = W(k) = Z p . In the latter case we provide explicit examples using Theorem 3.1 and twisted group algebras of the form F † p 2 G 0 where G 0 = Gal(F p 2 /F p ). Some further examples illustrating Theorem 1.3 are given in §5.
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Deformation rings
Let Γ be a profinite group, and let k be a field of characteristic p > 0, and let W be a complete Noetherian local ring with residue field k. We denote bŷ C the category of all complete Noetherian local W -algebras with residue field k. Morphisms inĈ are W -algebra homomorphisms -they are continuous and they induce the identity map on residue fields.
Let V be a finite dimensional vector space over k that is endowed with a continuous k-linear action of Γ, i.e., a continuous group homomorphism from Γ to the discrete group Aut k (V ). A lift of V over a ring A ∈Ĉ is then a pair (M, φ) consisting of a finitely generated free A-module M on which Γ acts continuously together with a Γ-equivariant isomorphism φ : k ⊗ A M → V of k-vector spaces. We define the set Def V (A) of deformations of V over A to be the set of isomorphism classes of lifts of V over A. If α : A → A ′ is a morphism inĈ, then we define the map
where φ α is the composition
With these definitions Def V (−) is a functor fromĈ to the category of sets. We can describe Def V (A) in terms of matrix groups as follows. By choosing a k-basis of V we can identify V with k d . The Γ-action on V is then given by a continuous homomorphism ρ : Γ → GL d (k). Let A be a ring inĈ and denote the reduction map GL d (A) → GL d (k) by π A . By a lift of ρ over a ring A inĈ we mean a continuous homomorphism τ :
Such a lift defines a Γ-action on M = A d and with the obvious isomorphism φ :
of ρ over A give rise to the same deformation if and only if they are are strictly equivalent, that is, if one can be brought into the other by conjugation by a matrix in the kernel of π A . In this way the choice of a basis of V gives rise to an identification of Def V (A) with the set Def ρ (A) of strict equivalence classes of lifts of ρ over A.
The functor Def V (−) = Def ρ (−) is representable if there is a ring R inĈ, and a lift (U, φ U ) of V over R so for all A inĈ the map
is bijective. If this is the case then R is said to be the universal deformation ring of V and we write 
In this section k denotes a perfect field k of positive characteristic p, and W = W(k) is the ring of infinite p-Witt vectors over k, which is a complete discrete valuation ring of characteristic 0, residue field k, and uniformizer p.
We let Γ be a profinite group satisfying Hypothesis 2.1, and we let V be a finite dimensional continuous representation of Γ over k that satisfies End kΓ (V ) = k. By the previous section we then know that universal deformation ring R W (Γ, V ) exists.
We let K be the kernel of the group homomorphism Γ → Aut k (V ) and we let G be the image. Then G is a finite group, and we make the additional assumption that V is projective as a kG-module. The group Γ acts by conjugation on K, and if K is abelian then this makes K into a ZG-module.
Since V is a projective kG-module there is a unique deformation [V W , ϕ] of the kG module V to W such that V W is projective as a W G-module [19, Prop. 42, §14.4] . Note that ϕ then provides an identification of V W /pV W = V W ⊗ W k with V . Note also that M W = End W (V W ) has the structure of a (possibly non-commutative) W -algebra by composition of endomorphisms. The natural G-action on M W by conjugation also makes it into a W G module, and since V W is a projective W Gmodule, so is M W . In the same way the k-algebra M = End k (V ) = M W /pM W is a projective kG-module. 
Each of conditions (i) and (ii) implies that the group Γ is finite and K is abelian.
Note that Theorem 3.1 implies Theorem 1.4. To show Theorem 1.3, we construct in Section 4 examples for which the conditions in Theorem 3.1(ii) are satisfied. The rest of this Section is devoted to the proof of Theorem 3.1. We first establish some basic cohomological results that will be used in the proof.
Lemma 3.2. With the assumptions prior to the statement of Theorem 3.1 the following conditions hold:
(1)
Proof. To see (1) , note that M W /p ℓ M W is a projective module over the group ring (W/p ℓ W )G, so it is cohomologically trivial as a ZG-module. The inflation-restriction sequence for M = M W /pM W now gives an exact sequence
Using the equalities
G we see that (2) holds. It remains to show (3). Since M is a finitely generated projective kG-module, Hom cont (K, M ) is isomorphic to a direct summand of a kG-module that is induced from the trivial subgroup of G, so
is a cohomologically trivial kG-module. This implies that the Lyndon/Hochschild-Serre spectral sequence for H 2 (Γ, M ) degenerates, and we get isomorphisms
where the composite map is the restriction map [20, Theorem 6.8.2]. A is the minimal number s so that A is isomorphic to a quotient of
Lemma 3.3. Condition (ii)(a) in Theorem 3.1 is equivalent to the condition that
R W (Γ, V ) is of the form W [[t]]/I where the ideal I is contained in m = (p, t 2 ).
Proof. For a ring
Combining this with the previous lemma we see that condition (ii)(a) in Theorem 3.1 is equivalent to dim k t R = 1. Rings of the form stated clearly have 1-dimensional cotangent spaces. Conversely, if t * R is 1-dimensional then any morphism W [[t]] → R inĈ sending t to an element of m R which is not zero in t * R , is surjective and its kernel is contained in (p, t 2 ).
3.1. Proof that (ii) implies (i) in Theorem 3.1. Throughout this subsection, we assume that condition (ii) of Theorem 3.1 holds. Put d = dim k (V ), choose a basis of V W over W and let the G-action on V W be given by
The morphism R → W inĈ sending t to 0 gives rise to an exact sequence of groups 
Note that the rows in this diagram are exact. By [1, p. 179] , the obstruction to the existence of a homomorphism ρ R which makes (3.1) commute lies in the group
, this is a trivial group, so ρ R exists. Since α and ρ W are injective, the map ρ R is also injective. Thus, Γ acts faithfully on the deformation over R associated to ρ R , so it certainly acts faithfully on the universal deformation.
Writing R u = R(Γ, V ) the universal property of deformation rings provides us with a unique morphism γ :
is strictly equivalent to ρ R . We will show that γ is an isomorphism.
Consider the surjection β :
. If γ is not surjective, then β • γ would be the composition of the residue map r :
. This would imply that
. This g is in the kernel of ι • r • ρ u but not in the kernel of β • ρ R , so these representations cannot be strictly equivalent. We conclude that γ : R(Γ, V ) → R is surjective. Thus we can and will replace ρ u by a strictly equivalent lift so that
by letting π(t) be any element in R u that is mapped by γ to t ∈ R. By condition (ii)(a) and Lemma 3.3 we then see that π is surjective. In the chain of surjections
we will write t for the image of t in any of the rings. So we have t = 0 in W , and t 2 = p n t = 0 in R, and our aim is to show that t 2 = p n t = 0 in R u . Note that
Suppose that we are in the first case of condition (b) of (ii), that is, we have
Since K is abelian we have
so t 2 (AB − BA) = 0. The matrix AB − BA now has some entry which is a unit in R u . Hence t 2 = 0 in R u and A has an entry which is a unit in R u . Our element g ∈ K has order dividing p n . Hence
so p n tA = 0. Since A has an entry which is a unit, it follows that p n t = 0 in R u . Now suppose that we are in the second case of condition (b) of (ii), so we have n = 1 and p = 2. For each g ∈ K write ρ u (g) = 1 + tA g with
where (p, t) = (2, t). Since all g ∈ K are annihilated by 2 we have
). This contains the elements v 1 : g → A g and v 2 : g → A 2 g . Then on the one hand, the identity above shows that 2tv 1 + t 2 v 2 = 0. On the other hand the second case of condition (b) of (ii) implies that the images of v 1 and v 2 in P ⊗ R u k are linearly independent over k. By Nakayama's lemma this means that v 1 and v 2 are part of a basis of P over R u . So it follows that 2t = t 2 = 0 in R u .
3.2.
Proof that (i) implies (ii) in Theorem 3.1. Throughout this subsection, we assume that condition (i) of Theorem 3.1 holds. Property (ii)(a) of Theorem 3.1 follows from Lemma 3.3. The action of G on V W gives a morphism
There is only one such morphism and it sends t ∈ R to 0. Since we are assuming that R is the universal deformation ring R(Γ, V ) and R → W is surjective, we can now find maps ρ W , ρ R and α as in the commutative diagram (3.1). The map ρ R is injective by assumption (i) so α is also injective, G-equivariant and continuous. Since M d (W/p n W ) is abelian and has the discrete topology, this implies K is finite and abelian, so Γ is also finite.
In order to prove (ii)(b) we now assume that (ii)(b) does not hold, and we will derive a contradiction. The first step in doing this is to lift ρ R to a suitable extension R ′ of R, i.e., to a ring R ′ inĈ with an ideal I such that R ′ /I = R. In all cases that we will consider we have I 2 = 0, so we have an exact sequence
where ϕ(A) = 1 + A. We now show how to choose R ′ and produce the restriction of the lift ρ ′ to K. Let us write α :
for the map sending g ∈ K to α(g) mod pM W /p n M W . Since we assumed that (ii)(b) does not hold, the set α(K) is contained in a commutative sub-k-algebra of
If p = 2 then we take
and we let
Using that the elements α(K) commute in M d (k) one easily shows that this exponential map is a homomorphism K → GL d (R ′ ). Now suppose that p = 2 and n ≥ 2. We take R ′ as above. For g ∈ K we now claim that g and 1 + tα(g) ∈ GL d (R ′ ) have the same order. To see this we note first that
(1 + tα(g))
If g has order 1, the claim is clear from the fact that α is injective. For g of order 2 we have α(g) ∈ M d (2 n−1 W/2 n W ), so α(g) = 0 and the first equality implies (1 + tα(g)) 2 = 1. Conversely, if (1 + tα(g)) 2 = 1, then this equality implies 2α(g) = 0, so 2g is the identity because α is injective. The second equality and the injectivity of α similarly imply that g and 1+tα(g) have the same order if either has order 2 i for some i > 1. Next, we remark that the elements 1 + tα(g) ∈ GL d (R ′ ) with g ranging over K commute with each other because the elements of α(K) commute in M . Since K is finite and abelian, we can write K as a direct sum of cyclic groups. By setting ρ ′ (g) = 1 + tα(g) for a generator of each of these cyclic groups, we obtain a lift ρ
Now suppose that p = 2 and n = 1. Our assumption that condition (ii)(b) fails then provides us with an element a ∈ k such that for all g ∈ K we have α(g) 2 = a α(g). Choose an elementâ ∈ W with image a in W/pW = k, and define
Then R = R ′ /I when I is the 1-dimensional vector space over k generated by t 2 , and in R ′ we have 2t = −ât 2 and 2t
Since the elements of α(K) commute in M = M d (k) and the element t 2 is annihilated by (p, t) in R ′ , we also know that the elements 1+tA g ∈ GL d (R ′ ) all commute when g ranges over K. So we can find a lift ρ
In summary, in all cases we produced an extension R ′ of R, and
lifting the restriction of ρ R to K. Moreover, R = R ′ /I where the ideal I is a kvector space of dimension 1. We now claim that we can extend the homomorphism ρ ′ to Γ so that diagram (3.2) is commutative. Note that the group M d (I) has a conjugation action by GL d (R), and through ρ R it has a Γ-action. This kΓ-module M d (I) is isomorphic to M , so the obstruction to the existence of a lift ρ ′ is a class in H 2 (Γ, M ). We know that this lift exists if we restrict to K, so the restriction of this class to K is trivial in H 2 (K, M ). But by Lemma 3.2 (3) this restriction map on cohomology groups is injective, so the first class was trivial as well. This shows the existence of ρ ′ lifting ρ R . By the deformation ring property, this implies that the morphism R ′ → R is split, i.e., there is a morphism R → R ′ so that the composition R → R ′ → R is the identity. But then the maps are isomorphisms on the (one-dimensional) cotangent spaces, so they are also surjective and R is isomorphic to R ′ which is clearly false. With this contradiction the proof of Theorem 3.1 is complete.
The inverse problem for
In this section, we use Theorem 3.1 to prove Theorem 1.3. We first establish a special case. 
is the group homomorphism given by the G-action on the (Z/p n )G-module K. Let V also stand for the inflation of V to an F p Γ-module. Then we have a Z p -algebra isomorphism
Proof. If p = 2, then G is isomorphic to the symmetric group S 3 on 3 letters and V is the unique simple projective F p G-module, up to isomorphism. If p ≥ 3, then the order of G is relatively prime to p and V is also a simple projective F p G-module. Since V = F p 2 is a Galois algebra over F p with Galois group G 0 , it follows that M = End Fp (V ) is canonically isomorphic to the twisted group ring F † p 2 G 0 as an F p -algebra. This isomorphism defines an F p G-module structure on F † p 2 G 0 by conjugation as follows. Let G 0 = σ , let F * p 2 = ζ and let 
Considering the action of F * p 2 = ζ on F p 2 σ, we see that the action of ζ has eigenvalue ζ 1−p . Since
For ease of notation we set W = W(
To complete the proof, it will suffice to show that G, K, M and M W satisfy the conditions in Theorem 3.1(ii) when k = F p .
For all p, K is a finitely generated (Z/p n )G-module. Define Γ = K× δ G where δ : G → Aut(K) is the group homomorphism given by the G-action on the (Z/p n )Gmodule K. Since by our above calculations, M ∼ = (K/pK) ⊕ F p G 0 as (Z/p)Gmodules, it follows that 
as F p G-modules, which means that we can take V ′ = V in this case. ) is a complete intersection, then W is a quotient S/I for some regular complete local commutative Noetherian ring S and a proper ideal
we obtain by [13, Thm. 21
Using power series expansions, we see that
is not a complete intersection if p n W = {0}. This completes the proof of Theorem 1.3.
Remark 4.4. The referee of this paper asked whether in our examples of universal deformation rings R W (Γ, V ) which are not complete intersections, we have H 3 (Γ, End k (V )) = 0. Consider, for example, the case when n = 1 in Theorem 4.1 so that k = F p . We claim that H 3 (Γ, End Fp (V )) = 0. To see this, recall that G = F *
By Frobenius reciprocity, we have
Using the Kummer sequence 1 → µ p → C * p − → C * → 1 where µ p is the subgroup of p th roots of unity in C * , we see that the quotient group
. Therefore, to show that H 3 (Γ, End Fp (V )) = 0, it suffices to prove that H 2 (Γ 0 , F p ) = 0. Using the short exact sequence
given by the wedge product. It follows from the bilinearity of the wedge product that c is a 2-cocycle. Since p ≥ 3, the anti-commutativity of the wedge product implies that c is not a 2-coboundary. Furthermore, c is an invariant 2-cocycle with respect to the action of F * p 2 on K × K and on 2 K. Here 2 K can be identified with F p with trivial action by F * p 2 in view of (4.5) since K ∼ = F p 2 σ as an F p G-module. It follows that c defines a non-zero element in
Remark 4.5. To construct more examples to which Theorem 3.1 applies, there are two fundamental issues. One must construct a group G and a projective kGmodule V for which both the left kG-module structure and the ring structure of M = Hom k (V, V ) can be analyzed sufficiently well to be able to produce a Gmodule K having the properties in the Theorem. When one can identify the ring Hom k (V, V ) with a twisted group algebra, as in the proof of Theorem 4.1, this can be very useful in checking condition (ii)(b) of Theorem 3.1. A natural approach to analyzing the kG-module structure of M is to note that the Brauer character ξ M of M is the tensor product ξ V ⊗ ξ V * of the Brauer characters of V and its k-dual V * . For example, if V is induced from a representation X of a subgroup H of G, then ξ V is given by the usual formula for the character of an induced representation. If dim k (X) = 1, the analysis of the ring structure of M becomes a combinatorial problem using X and coset representatives of H in G. We carry out this program with some further examples in the next section.
Further examples
In all the examples for Theorem 1.3 which were discussed in §4, the dimension of V is 2. In this section, we weaken this restriction on the dimension. Let W be a complete Noetherian local commutative ring with residue field k of positive characteristic p. We prove the following result. 
Proof. Because of Theorem 2.2 it suffices to prove Theorem 5.1 when k = F p and W = W(Z p ), which allows us to use Theorem 3.1.
Let Ω = {1, 2, . . . , d + 1}, and let S d+1 be the symmetric group on Ω. For each prime power q = p f , the projective general linear group PGL 2 (F q ) acts faithfully and triply transitively on the projective line P 1 (F q ) and is thus isomorphic to a subgroup of
Consider the natural (d + 1)-dimensional representation N of S d+1 with F p -basis {b 1 , . . . , b d+1 } such that for all σ ∈ S d+1 and all i ∈ Ω, σ.b i = b σ(i) . On restricting to G, N is also a (d + 1)-dimensional representation of G over F p . Let T be the 1-dimensional F p -subspace of N generated by (b 1 + · · · + b d+1 ), and let V be the d-dimensional F p -subspace of N with F p -basis
Then T and V are F p G-submodules of N , where G acts trivially on T . In fact, since p ∤ (d + 1) we have N = T ⊕ V . Since T and V can be lifted to Z p G-modulesT and V which are free over Z p and since G acts doubly transitively on Ω, it follows that Q p ⊗ ZpV is an absolutely irreducible representation of G over Q p (see e.g. [11, Ex. 9 on p. 877]). If d < p − 1 then the order of G = S d+1 is relatively prime to p which immediately implies that V is a simple and projective F p G-module. If d = q and G = PGL 2 (F q ) then the Sylow p-subgroups of G have order q which implies by [19, Prop. 46 on p. 136] that V =V /pV is a simple and projective F p G-module. Note that in this case, the character of G corresponding toV is the Steinberg character of PGL 2 (F q ).
Let K = V and let δ : G → Aut(K) be the group homomorphism given by the action of G on K = V . Define Γ = K× δ G and view V also as an F p Γ-module via inflation. Let M = End Fp (V ). To prove Theorem 5.1, it suffices to prove that G, K and M satisfy the conditions in Theorem 3.1(ii) when k = F p and n = 1.
For an F p G-module X, let X * denote its F p -dual. Consider
We can identify End Fp (N ) with Mat d+1 (F p ), where we identify b i ⊗ b j with the elementary matrix E i,j which has coefficient 1 at position (i, j) and coefficient 0 otherwise.
can be identified with the subspace of End Fp (N ) with F p -basis {D i,j | 1 ≤ i, j ≤ d}, where
for all 1 ≤ i, j ≤ d. Note that End Fp (N ) and M are F p S d+1 -modules by letting S d+1 act by conjugation, i.e. σ.E i,j = E σ(i),σ(j) for all σ ∈ S d+1 . In particular, it follows that End Fp (N ) and M are F p G-modules.
We now show that the irreducible representation V occurs with multiplicity 1 in M . For F p G-modules X and Y , let
Since V is a simple projective F p G-module which is isomorphic to its F p -dual V * , it follows that the multiplicity of V in M is equal to
Using that N = T ⊕ V , we obtain that
Note that N ⊗ Fp N ⊗ Fp N is the representation of G corresponding to the diagonal action of G on the set Ω of all triples (a, b, c) with a, b, c ∈ {1, . . . , d + 1}. This implies that dim Fp N ⊗ Fp N ⊗ Fp N G is equal to the number of G-orbits on Ω.
Since G acts triply transitively on Ω, this number is equal to 5. By (5.7), it follows that V, M = 1, i.e. V occurs with multiplicity 1 in M . Therefore, condition (ii)(a) of Theorem 3.1 is satisfied for K = V when n = 1. Let ρ be the (d + 1)-cycle ρ = (1, 2, · · · , d + 1) ∈ S d+1 , and define
An easy matrix calculation shows that the subspace of M with F p -basis {x 1 , . . . , x d } is an F p S d+1 -submodule of M which is isomorphic to V . On restricting the action to G, we see that the additive group homomorphism Since Ad(ρ ′ ) = k ′ ⊗ k Ad(ρ), we have from [15, Prop. 21 .1] that there are natural isomorphisms
Hence it suffices to show that the natural homomorphism
is an isomorphism of k ′ -vector spaces. Since m W is finitely generated, one can reduce to the case when W = k, by considering generators α of m W and successively replacing W by W/(W α) and R by R/(Rα). One then divides W ′ and Ω further by ideals generated by generators for m W ′ to be able to assume that W ′ = k ′ . However, the case when W = k and W ′ = k ′ is obvious, since then
This completes the proof of Theorem 2.2.
